
 
 

 

  

Abstract—This paper presents an alternative formulation of 
the PSO dynamics by a closed loop control system, and analyzes 
the stability behavior of the system by using Jury’s test and root 
locus technique. Previous stability analysis of the PSO dynamics 
was restricted because of no explicit modeling of the non-linear 
element in the feedback path. In the present analysis, the non-
linear element model of the non-linear element is considered for 
closed loop stability analysis. Unlike the previous works on 
stability analysis, where the acceleration coefficients have been 
combined into a single term, this paper considered their 
separate existence for determining their suitable range to 
ensure stability of the dynamics. The range of parameters of the 
PSO dynamics, obtained by Jury’s test and root locus technique 
were also confirmed by computer simulation of the PSO 
algorithm. 

I. INTRODUCTION 

ioneered by Eberhart and Kennedy, the Particle Swarm 
Optimization (PSO) algorithm [1] is a population based 
intelligent search, where individuals called particles are 

candidate solutions to a given optimization problem. In a 
PSO algorithm, particles adapt their velocities and positions 
in a multidimensional search space until one or more 
particles converge to the global optima in the search space. 
Empirical studies [2] on PSO reveals that its parameters well 
known as ‘inertia factor’ and ‘acceleration coefficients’ are 
all positive constants. There also exist some mathematical 
studies to guideline parameter selection in PSO dynamics 
[3]. Currently, the PSO dynamics is modeled by a feedback 
control system [4], where the forward path represents the 
dynamics of an individual particle and the feedback path 
includes a non-linear element. Unfortunately existing 
stability analysis of PSO dynamics is restricted, because of 
the absence of a suitable representation of the non-linear 
element in the feedback path. In this paper, we consider 
possible representation of the non-linear element and 
perform the stability analysis of the closed loop system using 
Jury’s test [5] and root-locus technique [6]. 
     Early parameter selection studies [3], [7], [8] of PSO 
dynamics was undertaken through computer simulations. The 
first mathematical analysis on stability for the PSO algorithm 
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was undertaken in [3]. Clerc and Kennedy represented the 
PSO dynamics as a second order linear system and 
determined the condition for stability using eigenvalue 
analysis of the state transition matrix [3]. Van den Bergh [7] 
also performed a stability analysis for the PSO dynamics to 
identify regions in the parametric space to guarantee stability 
of the system. There exist a few other relevant works on 
parameter selection of the PSO dynamics [9], [10], [11]. 
      In this paper, we propose a closed loop stability analysis 
for the PSO dynamics. The analysis differs from the existing 
works [4], [9] by the following counts.  Unlike the previous 
works, we here explicitly represent the non-linear element by 
mathematical models and perform stability analysis for the 
closed loop system using the model. Because of a specialized 
state space representation of our model, here the error 
detector continuously attempts to minimize the difference 
between the global best position of all the particles and the 
local best position by the particle under considerations. 
Further, the deviation of the current position of the particle 
from the global best position here is considered as the 
response of the PSO dynamics. The non-linear element here 
has been modeled to provide the current local best position 
from its last value and the current position of the particle.  
     Jury’s stability test criteria have been applied on the 
characteristic equation of the closed loop system, to 
determine the conditions for stability for the closed loop 
dynamics. These conditions envisage the suitable parametric 
space for the PSO dynamics. The root locus analysis for the 
closed loop PSO system undertaken here provides suitable 
range for the acceleration coefficients that satisfy the 
stability conditions for two possible forms of representations 
of the non-linear element. Faster convergence of the PSO 
dynamics is attained here by determining the locations of the 
dominant closed loop poles [6] in the root locus. These 
dominant poles dictate the best parameter settings for the 
PSO dynamics for faster convergence. The results of root 
locus analysis are validated by test runs of the PSO algorithm 
on standard 21 benchmark functions [12]. 
    The paper is organized as follows. The basic PSO 
dynamics and its state space analysis is illustrated in Section 
II. The closed loop representation of the PSO dynamics and 
in particular modeling of the non-linear element is 
considered in Section III. Stability analysis by Jury’s test is 
performed in Section IV. Parameter selection for the PSO 
dynamics by root locus technique is undertaken in section V. 
Computer simulations supporting the established results of 
Section V are given in Section VI. Conclusions are listed in 
Section VII. 
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II. THE PSO DYNAMICS AND ITS STATE SPACE 

REPRESENTATION 

The PSO algorithm involves the dynamics of a group of 
particles over a d-dimensional fitness landscape. Each 
particle embodies a trial solution of the objective function to 
be optimized. The motion of a particle may be conveniently 
represented in one dimensional space as follows: 

tv = 1. −tvω + l
t 1−α . )( 1−− t

l xp + ).( 11 −− − t
gg

t xpα                (1) 
 

                  tx = tt vx +−1                                                     (2) 

               

where tv is the velocity of the particle at tht  iteration, tx  is 

the particle position at the tht iteration, lp is the personal 

(local) best position of the particle so far achieved, gp is the 

global best position among all particles. The parameters in 
the PSO dynamics that we need to determine for stability 
analysis include the inertia factorω , the acceleration 

coefficients for the local best l
tα and that for the global best 

position g
tα . Following the classical analysis and empirical 

simulation results, we knowω , lα and gα are > 0 

and lα and gα are positive and bounded random numbers. 

       Let tx t
g xp −=  

Hence, lp =− tx lp )( g
t px −+  

                                  +−= )( gl pp  tx                            (3) 

From equations (1) and (3) we obtain:        

tv += −1. tvω l
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gl xpp ] 

                   .1
g
t−+ α 1−tx  
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t 1−α g

t 1−+ α . 

Further, =tx t
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                       tt
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 )(.. 11111
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ttttt
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[by substitution of (4)] 

         )1( 1−−= tα . −tx −−1. tvω l
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Representing equations (4) and (7) in vector matrix form we 
obtain: 
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This is the state equation of the basic PSO algorithms. 
Here, 

          
−−

=
−

−

ωα

ωα

1

1)1(

t

tA  is the system matrix. 

The stability of the dynamics can be envisaged from the 
Eigen values ( λ ) of the above matrix. Setting  det 

0)( =− IA λ , we obtain 

  =λ
2

4)1()1( 2
11 ωωαωα −−−±+− −− tt

 

Defining δωα =−−− 11t ,                                           (9) 

          =λ
2

42 ωδδ −±−
                                      (10) 

 
 

III.CLOSED LOOP REPRESENTATION OF THE PSO DYNAMICS 
 
Stability of the dynamics now can be ascertained from the 
Eigen values of the above system.  The state equation (8) can 
be described in terms of feedback control system model as 
outlined in Figure 1. 
 
 
 
 
 
 
 
 
 
  

 
Fig.1. The feedback control representation of particle dynamics 

 

Here, the non-linear element determines l
tp from its previous 

value l
tp 1− and

tx . The non-linear function is formally 

represented by 

              l
tp = l

tp 1−  if )( 1
l
tpf −  < )( txf  

                    =
tx , otherwise 

where (.)f denotes the fitness function of the rough non-

linear search space.        The PSO dynamics being linear, can 
be represented in the form of a transfer function. 

Let  =)(zM
)(

)(

zU

zY
 

 

Non-linear element 

     pl (t) = pl(t-1) 
   if f(pl(t-1)) < f(xt) 
 pl (t) = xt, otherwise 
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Since the state equation consists of two variables tx  and 

tv and we are interested to feedback tx  only, we select a 

matrix C= ( )01 . 

For the output equation   Y = C ( )Ttt vx                    (11) 

)(zM can be evaluated by; 
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The non-linearity can be modeled by considering two 

possible values for l
tp . 

             l
tp ←  l

tp 1−  for )( 1
l
tpf −  < )( txf                 (15) 

   and     l
tp ←

tx )( t
g xp −= ,otherwise.                  (16) 

The first condition can be modeled by using 

               l
tp ←  Min { tx }, for all t                            (17) 

Since Min { tx } is not known, we presume l
tp  as one of the 

previous tx . Thus in Z-domain we write  

             )(zpl
←  nz −  )(Zx , n  1      

                       =  ))(( zxpz gn −−                                (18) 

The second condition can be written as 

        )(zpl
← gp )(Zx−                                           (19) 

Based on equation (19) we modify the closed loop 
configuration of Figure 1, as given in Figure 2 (a). The 
equivalent representation of Figure 2 (a) is given in Figure 2 
(b). The closed loop representation of equation (18) is given 
in Figure 3. 
 
 

 
 
 
 
 
 
 
 
 

Fig.2 (a): Representation of the PSO closed loop dynamics by modeling 
non-linearity using equation (19) 

 

 
 
 
 
 
 
 
 
       
 

Fig.2 (b): An equivalent representation of Fig 2(a) 

 
 
 
 
 
 
 
 
 
 

Fig.3: Similar representation of the PSO closed loop dynamics by modeling 
nonlinearity using equation (18) 

 
Figure 3 was obtained from equation (18) by using the 

identity, )(.))(()( zxzzzxppzu nngg −− =−−= , as gp is 

treated constant.  
 

IV.STABILITY ANALYSIS OF CLOSED LOOP SYSTEM 

 
The characteristic equation for the given system (Figure 2 
(b)) is given by: 

    0)1.()(1 1 =−−+ − BAZIC                                      19(a) 

which yields 

   =)(ZF 0)1(1 2
11

1 =+−−−+ −
−−

− wzz l
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=)(ZF ωωα +−−+ − )1( 1
2 g
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According to Jury’s test: 

    F (1) = ωωα +−−+ − )1(1 1
g
t  > 0 

            
g
t 1−α   > 0                                                                                                      

     F (-1) = ωωα +−−− − )1(1 1
g
t  > 0                                                                          

             
g
t 1−α  < 2(1+ ω )                                              (20) 

Further by Jury’s test 0a  < 2a which yields 

            ω  < 1                                                         (21) 

where ia is the co-efficient of iz  in equation 19(b). 

The range of g
t 1−α as obtained from (20) and (21) is, 

             0 < g
t 1−α  < 2(1 +ω ) for all t. 

On the other hand, when we consider the closed loop 
dynamics of Figure 3, the characteristic equation is given by, 
             F(Z) = 1 + C(ZI – A)-1B.Z-n,   n  1.                (22) 
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Now by Jury’s test, 0a < 2+na  yieldsω  < 1. 

        F (1) > 0 yields ωωα +−−+ − )1(1 1
g
t > 0                                                                    

             g
t 1−α   > 0                                                    (23) 

     F(-1) = ωωα +−−−− − )1(1 1
g
t  < 0,for odd (n+2) 

             g
t 1−α > 2ω                                                  (24)                               

Combining (20) and (24) 

      2ω < g
t 1−α < 2(ω +1)                                             (25)  

 
V.ROOT LOCUS METHOD FOR STABILITY ANALYSIS FOR THE 

PSO DYNAMICS 
 
For convenience of the analysis, we first consider phase of 
the G (Z). H (Z) is 1800, where G (Z) is the forward path 
gain and H (Z) is the feedback path gain. Setting Z = x + j y, 
we thus obtain 
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                                                          = 1800    
which on simplification yields,            
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                     x2 + y2 = ω                                         (26) 

This is an equation of circle with radius ω  and centre at 
(0, 0). The breakaway point is obtained by Setting 
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d t
l
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                           z  = ω                                       (27) 
            It is apparent from equation (26) that the root locus 
plots for the given transfer function is a circle with centre at 

origin and radius = ω . A series of root locus plots has been 

undertaken for different 1−tα , the results of which for the 

two alternative closed loop systems Figures 2 (b) and (3) are 
presented in Tables 1 and 2 below. It is indicative from the 

four tables that the PSO dynamics is stable for l
t 1−α  in [0, 

0.103]. Consequently g
t 1−α  appears to have a range:[0,(4 – 

0.103)] = [0,3.897].This is one of the primary achievements 
of this paper, which to the best of the authors’ knowledge 
can uniquely determine the valuation space for the 
acceleration coefficients to ensure the stability of the PSO 

dynamics. The selection of l
t 1−α  from the root locus plot was 

made based on the location of the dominant poles (complex 

conjugate poles close to the origin [6]). Naturally the 

selected values of l
t 1−α represents the DC gain of the closed 

loop system, when it is approximated by the pair of complex 
conjugate dominant poles. The root locus plots for stability 
analysis are shown in Figures 4(a), 4(b) and 4(c). 
 

VI.EXPERIMENTAL RESULTS 
 
            In this Section, we present the results of computer 
simulation for the basic PSO algorithm outlined in section 2. 
�omputer simulation of the basic PSO algorithm was 
undertaken on an IBM Pentium machine in C-language 
under Linux environment. A test suit containing 21 well 
known benchmark functions [12] were considered to study 
the performance analysis of the basic PSO algorithm with the 
selected parameter range as obtained from the root locus 
technique. Here, due to space limitations we are presenting 

the results only for Schaffer’s 6f  function.  

The Schaffer’s 6f  is given by: 

                                                                  

( )
=

+=
D

i ixxf
1

2
6 5.0)(  

 
For performance evaluation, the average fitness of particles, 
and fitness of the best particle are used as the metrics, and 
the convergence in the two metrics over iterations is 
determined experimentally. The experiment was performed 

for different parameter settings ofω , l
t 1−α  and g

t 1−α . 

Simulation results confirm that for the selected range of 
l
t 1−α and g

t 1−α , PSO converges much faster with � very good 

average fitness than the cases when the parameters go 
outside the range.   It is also noted that for the selected range 

of l
t 1−α and g

t 1−α , the average fitness (as well as the fitness of 

the best particle) increases at a faster rate than the cases 
where parameters are selected outside this range.  The 
experimental results indicate that for all the typical 21 

functions,ω = 0.6, l
t 1−α =0.103, g

t 1−α =2.897   yields the best 

results, i.e. the smallest convergence time with � good 
fitness value. Figure 5 and Table 3 confirm the results. 
Consequently, the simulation reveals that the predicted 
acceleration coefficients and inertia factor play a significant 
role in controlling the stabilization behavior of the PSO 
dynamics.  
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Fig. 4(a) Root Locus analysis for stability when  1)( −=zH  

 
Fig. 4(b) Root Locus analysis for stability when   1)( −−= ZZH  
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Fig. 4(c) Root Locus analysis for stability when 2)( −−= ZZH  

 
 

 
 

TABLE-1 
Results of Stability Analysis with H (Z) = -1 

    
Dominant Roots 

1−tα ω  1λ =- + 

ωδ −2  
2λ =- -  

ωδ −2  

(
l
t 1−α )max

g
t 1−α  Stability 

1 0.1 
0.05+ 
j0.312 

0.05-j0.312 1.0 0 Stable 

1 0.01 
0.025+ 
j0.096 

0.025-j0.096 0.8 0.2 Stable 

2 0.9
-0.05+   
j0.947 

-0.05- j0.947 1.8 0.2 Stable 

2 0.8
-0.1+ 
j0.995 

-0.1- j0.995 1.6 0.4 Stable 

2 0.7
-0.15+ 
j0.823 

-0.15- j0.823 1.4 0.6 Stable 

2 0.6
-0.2+ 
j0.748 

-0.2- j0.748 1.2 0.8 Stable 

2 0.5
-0.25+ 
j0.661 

-0.25- j0.661 1.0 1.0 Stable 

2 0.4
-0.3+ 
j0.557 

-0.3- j0.557 0.8 1.2 Stable 

2 0.3
-0.35+ 
j0.421 

-0.35- j0.421 0.6 1.4 Stable 

2 0.2 -0.4+ j0.2 -0.4- j0.2 0.4 1.6 Stable 
2 0.1 -0.77 -0.13 0.2 1.8 Stable 

3 0.9
-0.55+ 
j0.773 

-0.55- j0.773 0.8 2.2 Stable 

3 0.8
-0.6+ 
j0.663 

-0.6- j0.663 0.6 2.4 Stable 

3 0.7
-0.65+ 
j0.527 

-0.65- j0.527 0.4 2.6 Stable 

3 0.6
-0.7+ 
j0.332 

-0.7- j0.332 0.2 2.8 Stable 

3 0.5 -1.0 -0.5 0 3.0 Oscillatory
 

Where ( l
t 1−α ) max =

i
i

j
j

pz

pz

−

−

0

0

, z0 = point on the unit  

circle, and g
t 1−α = 1−tα - ( l

t 1−α )max 

 
                                                                     

TABLE  3 
Parameter selection of PSO for the best fitness and the average fitness 

values obtained from Figure 5 
 

Roots 
(

l
t 1−α )max

g
t 1−α  

ω Best fitness Average 
fitness 

System 
stability 

-0.77, 
-0.13, 
0,0 

0.478 1.522 0.1 0.32071 11.74614 Stable 
overdamped 

-1.0, 
-0.5, 0,0

0.2 2.8 0.5 - - Sustained 
oscillation 

-0.77, 
-0.13, 
0 

0.321 1.679 0.1 0.036931 12.2793 Stable 

-0.7± 
j0.322, 
0 

0.103 2.897 0.6 11.6891 28.7136 Fast stable 

0.005± 
j0.09, 0 

0.988 0.012 0.01 3.6363 16.7473 stable 
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TABLE 2 

 Results of Stability Analysis with H(Z)=-Z-1 

 
Dominant Roots 

1−tα  n 
ω
 

1λ =- + 

ωδ −2

 

2λ =- - 

ωδ −2

 

(
l
t 1−α )max 

g
t 1−α  Stability 

1 1 0.9 
0.45+ 
j0.835 

0.45- 
j0.835 

0.103 0.897 Stable 

1 1 0.8 0.4+j0.8 0.4-j0.8 0.197 0.803 Stable 

1 1 0.7 
0.35+ 
j0.76 

0.35- 
j0.76 

0.296 0.704 Stable 

1 1 0.6 
0.3+ 

j0.714 
0.3- 

j0.714 
0.402 0.598 Stable 

1 1 0.5 
0.25+ 
j0.661 

0.25- 
j0.661 

0.498 0.502 Stable 

1 1 0.4 0.2+j0.6 0.2-j0.6 0.599 0.401 Stable 

1 1 0.3 
0.15+ 
j0.527 

0.15- 
j0.527 

0.697 0.303 Stable 

1 1 0.2 
0.1+ 

j0.995 
0.1- 

j0.995 
0.8 0.2 Stable 

1 1 0.1 
0.05+ 
j0.312 

0.05- 
j0.312 

0.901 0.099 Stable 

2 1 0.9 
-0.05+   
j0.947 

-0.05- 
j0.947 

0.103 1.897 Stable 

2 1 0.8 
-0.1+ 
j0.995 

-0.1- 
j0.995 

0.2 1.8 Stable 

2 1 0.7 
-0.15+ 
j0.823 

-0.15- 
j0.823 

0.305 0.695 Stable 

2 1 0.6 
-0.2+ 
j0.748 

-0.2- 
j0.748 

0.399 1.601 Stable 

2 1 0.5 
-0.25+ 
j0.661 

-0.25- 
j0.661 

0.505 1.495 Stable 

2 1 0.4 
-0.3+ 
j0.557 

-0.3- 
j0.557 

0.602 1.398 Stable 

2 1 0.3 
-0.35+ 
j0.421 

-0.35- 
j0.421 

0.704 1.296 Stable 

2 1 0.2 
-0.4+ 
j0.2 

-0.4- 
j0.2 

0.8 1.2 Stable 

2 1 0.1 -0.77 -0.13 0.903 1.097 Stable 

3 1 0.9 
-0.55+ 
j0.773 

-0.55- 
j0.773 

0.103 2.897 Stable 

3 1 0.8 
-0.6+ 
j0.663 

-0.6- 
j0.663 

0.2 2.8 Stable 

3 1 0.7 
-0.65+ 
j0.527 

-0.65- 
j0.527 

0.3 2.7 Stable 

3 1 0.6 
-0.7+ 

j0.332 

-0.7- 
j0.332 

0.4 2.6 Stable 

3 1 0.5 -1.0 -0.5 0.5 2.5 Oscillatory

 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 

Fig.5: Results of execution of the PSO algorithm on Schaffer’s 6f  for the 

parameter set mentioned in individual graphs. Best fitness and average 
fitness values (×103) are plotted against iterations to demonstrate relative 
performance in convergence, supporting results of root locus analysis.   
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VII.CONCLUSIONS 

         
 The paper proposed a novel approach to closed loop 
stability analysis of the PSO dynamics by Jury’s test and root 
locus technique. Jury’s stability test confirms established 
range for the inertia factor (ω ), but also provides a new 

range for the acceleration co-efficient g
t 1−α in [0, 2(1+ω )]. 

The root locus analysis envisages that for two possible forms 

of non-linearity, the PSO dynamics is stable for l
t 1−α in [0, 

0.103]. Computer simulation of the PSO algorithm 
confirmed the above results, and further indicate that 

ω =0.6, g
t 1−α = 2.897and l

t 1−α =0.103 is the best choice for 

all test functions 1f  through 21f , and thus the PSO may 

alternatively be executed as a deterministic optimization 
algorithm with a fast convergence speed without any 
sacrifice in accuracy. 
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